The Marginally Rigid State is a candidate paradigm for what makes granular material a state of matter distinct from both liquid and solid. Coordination number is identified as a discriminating characteristic, and for rough-surfaced particles we show that the low values predicted are indeed approached in simple two dimensional experiments. We show calculations of the stress transmission suggesting that this is governed by local linear equations of constraint between the stress components. These constraints can in turn be related to the generalised forces conjugate to the motion of grains rolling over each other. The lack of a spatially coherent way of imposing a sign convention on these motions is a problem for up-scaling the equations, which leads us to attempt a renormalisation group calculation. Finally we discuss how perturba tions propagate through such systems, suggesting a distinction between the behaviour of rough and of smooth grains.
Introduction
The transmission of stress through granular materials is an important practical issue, for example governing the safe design of foundations, embankments and silos. Some of its aspects can be quite counterintuitive, such as the liability of grain silos to collapse at the moment when grain is allowed to flow out from the base (just the opposite of expectation for a liquid), and measurements [1] showing that conical piles of granular material may distribute their gravitational load over the supporting base with a local minimum under the apex of the pile (just the opposite of expectation for a solid). Both these puzzles can be interpreted qualitatively [2] and the latter quantitatively [3] in terms of internal arching within a static pile transferring load toward the sides.
Marginally Rigid State
We propose here that as granular material first organises itself to come to rest, it should naturally attain a quite characteristic state which we term Marginally Rigid [4, 5] . In doing so we will start by assuming the grains are ideally rigid objects [6] , and that any given contact between grains is either perfectly smooth (permitting sliding and exchanging no tangential force) or perfectly rough with an infinite coefficient of static Coulomb friction. All of these assumptions we will revisit in due course. We will throughout assume that thermal fluctuations can be ignored.
The key idea is a simple counting argument. The system should consolidate until the number of degrees of freedom of the free grains is matched by the number of constraints dues to contacts between them. Now for every degree of freedom of the free grains there is precisely one corresponding balance condition of force (or torque) in order for the system to be in mechanical equilibrium, and for every constraint there is one intergranular force component to be determined. Thus consolidation should bring the system to the point where the conditions of force (and torque) balance are precisely sufficient to determine all the intergranular forces. This means the transmission of stress through the system is fully determined by the geometry of the contact network alone, without considering the internal behaviour of our grains -a surprising result which we suggest is the defining characteristic of the marginally rigid state.
The scope of this proposal becomes more clear when one considers the consequences in terms of mean coordination number for the resulting piles. In two dimensions, we have 3 degrees of freedom per grain and, if the grains are rough, then for each contact we have two constraints and as each contact contributes to the coordination of two grains the critical coordination number at which a stable assembly is first achieved
. This is a notably low value, which prompts experimental scrutiny below. By contrast when the grains are treated as ideally smooth (but not circular) there is only one constraint per contact, leading to 6 = c z which is topologically the maximum possible in two dimensions, enabling us to assert that smooth grain assemblies can at most be marginally rigid. The results for three dimensions are analogous: rough grains give a low value, 6 = It is noteworthy that all of the smooth grain values for c z above match the corresponding values of coordination number achievable by sequential packing, if for aspherical grains one admits search of position and orientation to optimize coordination number.
Experimental Test
We identified coordination number 3 for rough grains in two dimensions as a 'smoking gun' test of the marginally rigid state, as we are not aware of any other perspective from which this result seems likely. We performed a somewhat idealized experiment in which grains initially stationary on a horizontal supporting surface were swept into a pile by a collector pushed slowly across the surface, as shown in figure  1 . The stationary grains are in an analogue of (force)-free fall, whilst those swept into the advancing pile feel the analogue of a gravitational force due to sliding friction against the supporting surface. We worked slowly enough that inertia and momentum played negligible role, and simple calibration experiments indicate that the coefficient of static friction between our grains (which were cut from fibrous card) was at least as high as 50. Density proved an interesting variable, as shown in figure 2(a). As we raised the density i ρ of the initial array of stationary (and non-contacting) grains, the density f ρ of the resulting piles decreased. Watching the experiment, the interpretation is that the higher the initial density, the more cooperative is the evolution of the jammed state. The immediate pay-off from the density measurements was the identification of a natural endpoint of our sequence of experiments, where the initial and final densities extrapolate to equality at about 47 . 0 = c ρ (area fraction), for our particular shape of grains. 
Stress Transmission Calculations
Balance of force and torque in continuum mechanics impose only that 0 . = ∇σ and that the stress tensor σ be symmetric, so what else is it that balance of force and torque tells us about transmission of stress in the marginally rigid state? Simple counting shows that we require one further antisymmetric tensor worth of equations to fully determine the stress tensor variation, and as the balance equations are linear in force and torque at the granular level we should expect the 'missing equations' to come out linear in the stress tensor. .   Fig 3(a) shows the simplest periodic lattice of rough grains satisfying marginal rigidity, and for this (and its three dimensional analogue which has the connectivity of a diamond lattice) the new equations come from requiring that we balance torque on each grain in the unit cell rather than just on the unit cell as a whole.
The fourth rank tensor ijkl p is antisymmetric with respect to interchange of its left two indices and symmetric with respect to interchange of its right indices and depends on the local contact geometry. In the example of figure 3 (2) where the vectors r and R are indicated in figure 3(b) . One has a choice of which grain in the unit cell to use, and they give equal results for ijkl p but of opposite sign.
We have made some progress generalizing the result for ijkl p off-lattice in two dimensions [5] , but the dilemma of sign becomes more serious. There is strong anticorrelation between the values for neighbouring grains, and one can show that the local spatial average of the ijkl p goes to zero as the size of region averaged over increases. For the periodic lattice one can consistently adopt a choice of 'even' grains, but this becomes frustrated when odd-numbered coordination rings are allowed. This problem does not appear to arise for smooth grain arrays, and its full implication is not resolved.
Various authors have previously discussed constraints on the stress tensor equivalent to the form 0 = kl ijkl p σ . Cates et al termed this general case OSL [8] , and the term 'null stress' has also been applied. An important sub-class is that of Fixed Principle Axes [3, 8] , which corresponds to
, that is the coupling coefficients being strictly traceless with respect to their right indices: Cates et al showed that the anomalous granular load distribution under a conical pile could be fit well by such a phenomenology [3] . An elegant discussion of linear constraints under less local assum ptions has been given by Tkachenko & Witten [9] .
Yield and Dissipation
If one admits a finite coefficient of static friction between rough grains, then for periodic arrays it is easy to identify prospective slip planes and the stress threshold at which these are mobilised. This is conventionally encoded in terms of a Yield Function such that for 0 ) ( < σ Y the system is unyielding and (almost) everywhere on the locus 0 ) ( = σ Y slip becomes just possible with a unique orientation specified by the (symmetrised) shear rate tensor being proportional to ) (σ g .
On the yield surface we can have a creeping yield which we will take the liberty of describing as plastic flow. Adapting the standard plastic flow equations we have the flow field ) (x u governed by the following: Coupling the local grain rolling into the macroscopic deformation is a radical step, but introducing some such extra term is necessary if we are to be able to impose the stress constraint relations 0 = kl ijkl p σ on the yield surface. Not to do so would lead to potentially ill-posed equations, as we could have a system having yielded then drop below the yield surface with stress distribution incompatible with the static equations. Galilean invariance requires that uniform rolling cannot couple to the macroscopic deformation, but this is already assured by the spatial average of ijkl p being zero. The coupling of grain rolling to macroscopic deformation is illustrated in figure 4 . Explicit calculation of the mean deformation rate in the triangle of neighbour centres gives
where ijkl p is as given in equation (1) .
Consideration of dissipation in creeping flow also leads to the conclusion that the same coefficients ) , ( t x p ijkl are common to the stress constraint equations and to the coupling of grain rolling in creeping flow. From the deformation rate of equation (4), the rate of energy dissipation ∆ & is given by
from which it is apparent that
can be interpreted as the force canonically conjugate to grain rolling. The n if one insists that this motion should not be directly dissipative, our stress constraint 0 ) , ( = kl ijkl t x p σ has to follow. . Similar conclusions are arrived at by Tkachenko and Witten [9] .
Renormalisation of Stress Constraints
The property of zero spatial average in the coefficients ) , ( t x p ijkl obstructs us obtaining more macroscopic equations by simple pre-averaging. To explore the consequences of this we have in collaboration with R Farr [10] investigated a simple 2x1 block renor malisation scheme as illustrated in figure 5 . Figure 5 . In our renormalisation scheme for the stress constraint coefficients two equal sized blocks (each with uniform ijkl p and σ ) are joined with matching of boundar y forces, and we seek the corresponding constraint obeyed by the spatial average stress.
In two dimensions, antisymmetry renders the left two indices of ijkl p redundant and the renormalisation simply yields ( ) Figure 6 . The above are minimal arrays of respectively rough and smooth grains conforming to the conditions of marginal rigidity, and the manner in which they accommodate a uniaxial compression is shown. The smooth grains do so in a manner
Smooth grains
Rough grains which simply extends to larger arrays. By contrast the rough grains exhibit excess rearrangement near the walls, because the amount of grain rolling required to accommodate compression of the central spine overshoots the amount of roll to commensurately compress the top and bottom of the array. Figure 6 illustrates the response of minimal marginally rigid arrays in compression. For smooth grains it is clear that deformation can penetrate uniformly into the bulk of a periodic array, whilst for rough grains the response is inhomogeneous and biassed towards the walls. In simple shear (which a periodic array of rough grains facilitates by rolling) it can be shown that the relative shear displacement across the wall layer is of the same order as the total imposed displacement.
These observations prompt us to conjecture that for smooth grain assemblies external perturbations can lead to deformations which penetrate the bulk, whereas for rough grain assemblies they lead to preferential rearrangement at the surface which may lead to new contacts and effectively block deformation penetrating the bulk. The two cases might be distinguished as marginally fluid and marginally rigid respectively. Yield would then amount to a forced transition from the second case to the first, though local sliding. We should emphasise that this paragraph remains purely conjectural.
